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Finite volume method solution of pollutant transport
in catchment sheet flow
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ABSTRACT
A finite volume numerical method was employed in the solution of two-dimensional pollutant
transport in catchment sheet flow. The full dynamic wave constituted the sheet flow while the
advection–diffusion equation with sink/source terms was the pollutant transport model. It is
assumed that the solute in the surface active layer is uniformly distributed and the exchange rate of
the solute between the active layer and overland flow are proportional to the difference between the
concentrations in soil and water volume. Decrease of the solute transfer rate in the active surface
layer caused by the transfer of solutes from soil to the overlying runoff is assumed to follow an
exponential law. The equations governing sheet flow and pollutant transport are discretized using
the finite volume method in space and an implicit backward difference scheme in time. The model
was subjected to several numerical tests involving varying microtopographic surface, roughness, and
infiltration. The results revealed that spatially varying microtopography plays an important role unlike
the roughness and infiltration with respect to the total pollutant rate from the outlet of a catchment.
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INTRODUCTION
Thousands of man-made chemicals, including fertilizers,
pesticides, solvents, paint, petroleum by-products, and poly-
chlorinated biphenyls, have contaminated the environment.
Heavy metals, such as mercury, molybdenum, cadmium,
and arsenic are also released in chemically active forms as
a result of human activities. Man-made chemicals enter sur-
face waters through aerial drift, run-off, or boating.
Groundwater is contaminated by water leaching through
soils – from stream flow or from direct sources, such as
leaky petrol tanks or waste disposal sites.
Surface applied or soil incorporated pesticides, nutri-
ents, and other agricultural chemicals are often transferred
from the soil to surface runoff water during periods of
heavy rainfall and surface irrigation. The transfer into
runoff water decreases the efficiency of the applied chemical
and poses a potential threat to the quality of the environ-
ment. Once released to runoff water, the chemicals can
reach nearby surface water bodies, such as rivers, ponds,
lakes, and reservoirs. Dissolved chemical in ponds and
lakes may also indirectly reach groundwater (Wallach
et al. ).
Overland flow is shallow and flow depth is in the
order of cm (or even mm) and has low velocities, as com-
pared to river flow (Tayfur & Kavvas ). Yet, it is the
main cause of flash floods and, consequently, the water
quality of rivers and lakes. According to Deng et al.
(), storm runoff is one of the leading threats to
water quality. It may contain a broad range of pollutants,
among which are: (1) nutrients from fertilized lawns and
roadsides; (2) bacteria from leaking sewers and septic
tanks; (3) oil and grease from leaky motor vehicles, indus-
trial areas, and illegal dumping; (4) heavy metals from
vehicle wear and tear, vehicle exhausts, industrial areas;
(5) toxic and synthetic chemicals from pesticide appli-
cation. The highest concentration of these contaminants
is often likely to be found in the first flush which delivers
a large load of pollutants during the early part of the
storm runoff event (Deng et al. ). This is because
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the stored pollutants that have accumulated on surfaces in
dry weather quickly wash off at the beginning of a storm.
The process of soil-dissolved chemical transfer to runoff
and its transport to the catchment outlet is complex. Model-
ing a large number of processes is involved and their
interactions require the solution of relatively complicated,
coupled linear, and nonlinear partial differential equations
subject to time-dependent boundary conditions (Wallach
et al. ). As a result, researchers have tended to simplify
the process as one-dimensional (Peyton & Sanders ;
Yan & Kahawita ; Walton et al. ; Wallach et al.
; Abbasi et al. ; Deng et al. ; Gitis et al. 
among others). Yan & Kahawita () modeled solute
transport in two dimensions and tested their model against
their laboratory experiments.
In these modeling studies, unlike the natural catchment
surface, the plane is often assumed as smooth with constant
characteristics. Tayfur et al. () and Tayfur & Singh
(), modeling flow and sediment transport over the
varying microtopographic surface of the experimental plot
(given in Figure 1), showed that local physical variations
drastically affect the flow depths, velocities, and sediment
concentrations. Hence, this fact naturally implies that pollu-
tant concentrations may also be affected under varying
surface conditions. The objective of this study was to
numerically investigate the effects of nonconstant character-
istics of a catchment surface on pollutant transport.
MATHEMATICAL MODEL
Sheet flow model
Two-dimensional sheet flow equations can be expressed as
follows (Tayfur et al. ; He et al. ):
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where h is overland flow depth (L); r is rainfall intensity (L/T);
i is infiltration rate (L/T); n is Manning’s roughness coefficient
(L 1/3/T); and u and v are flow velocities in the x- and y-direc-
tions, respectively (Figure 2). At the upstream boundary there
is no flow entering the system. Zero-flow depth gradient and
zero-flow velocity gradient in the x- and y-directions at the
downstream end of the catchment are assumed.
Pollutant transport model
Pollutant transport in two-dimensional sheet flow can be
expressed as follows (Govindaraju ):
@ chð Þ
@t
þ @ cuhð Þ
@x
þ @ cvhð Þ
@y
¼ RDm cs  cð Þ þ Jc þ qco (6)
Figure 1 | Microtopographic surface of experimental plot S3R2A (Tayfur & Singh 2004).
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where c is pollutant concentration in overland flow; cs rep-
resents solute concentration in the active surface layer with
a thickness of Dm¼ εh, with h being the overland flow
depth and ε being a dimensionless coefficient; R is exchange
rate of solute between the active surface layer and the over-
lying flow; Jc is flux across the water surface per unit
surface area; qco is other source or sink term. u and v are
flow velocities in x- and y-directions, respectively (Figure 2)
and they are computed from the solution of Equations (1)–(5).
Equation (6) assumes that the pollutant in the upper-
most active layer of soil is uniformly distributed and the
exchange rate of pollutant between the active layer and
sheet flow is proportional to the difference between concen-
trations in soil and water phases (Deng et al. ).
Furthermore, since for overland pollutant transport, the dif-
fusion term is generally negligible as compared to other
terms (Abbott & Refsgaard ; Wallach et al. ),
Equation (6) does not consider it.
Depletion of pollutant transfer rate in the active surface
layer is assumed to follow an exponential law with a time
constant μ as follows (Deng et al. ):
cs ¼ c0 exp μtð Þ (7)
where c0 is initial pollutant concentration in the active layer.
It is assumed that there is no pollutant entry from the
upstream side. It is also assumed that zero-gradient pollutant
concentration exits at the downstream side of the catch-
ment. Equations (1) and (6) are solved simultaneously.
Equation (1) is first solved to obtain spatial variation of
flow depth and flow velocities (and flow discharges). Then,
Equation (6) is solved to obtain pollutant concentrations
(and pollutant rates) at the outlet of the catchment.
NUMERICAL SCHEME
The governing Equations (1) and (6) can be rewritten in the
following general form:
@Φ
@t
þ @
@x
uΦð Þ þ @
@y
vΦð Þ ¼ ScΦ (8)
where Φ represents h and ch for the surface flow equation
and pollutant transport equation, respectively; and ScΦ
includes all source terms in the equation for Φ.
Equation (8) is solved using the finite volume method
which represents and evaluates partial differential
equations in the form of algebraic equations. Similar to
the finite difference method (or finite element method),
the values are calculated at discrete places on a meshed
geometry. ‘Finite volume’ refers to the small volume sur-
rounding each node point on a mesh. In the finite
volume method, volume integrals in a partial differential
equation that contain a divergence term are converted to
surface integrals, using the divergence theorem. These
terms are then evaluated as fluxes at the surfaces of
each finite volume. Because the flux entering a given
volume is identical to that leaving the adjacent volume,
these methods are conservative. Another advantage of
the finite volume method is that it is easily formulated
to allow for unstructured meshes. The method is used in
many computational fluid dynamics packages.
The equations governing sheet flow and pollutant trans-
port are discretized using the finite volume method in space
and an implicit scheme in time. In the rectangular two-dimen-
sional control volume, the discretized flow and pollutant
transport equations can be expressed as follows:
Φtþ1i,j  Φti,j
Δt
¼  uΦð Þtþ1iþ1=2,j uΦð Þtþ1i1=2,j
h i
=Δxi,j
 vΦð Þtþ1i,jþ1=2 vΦð Þtþ1i,jþ1=2
h i
=Δyi,j þ ScΦ: (9)
Figure 2 | Definition sketch for two-dimensional catchment flow.
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Picard iterative technique was applied to handle the
resulting nonlinear equations (He et al. ). The discre-
tized equations were solved by the strongly implicit
procedure (SIP) of Stone (). Accurate numerical sol-
ution and mass balance are reached when the
convergence criteria of both the Picard iteration and
SIP solution loops are satisfied at each time step. The
operator Ψ, which is the nonlinear function of the surface
roughness and friction slope, is evaluated as a cell par-
ameter at the previous iteration as:
Ψtþ1,mþ1P ¼Max εm, Ψtþ1,mP
n o
(10)
where εm is a small number (e.g., 10
8 to 1010) that, in
the event of a zero fluid potential gradient, avoids a div-
ision by zero in Equation (10) by enforcing a minimum
value of Ψ (Vander & Kwaak ).
In the discretized surface equation, variables at the con-
trol volume interface are evaluated by an upstream scheme,
which ensures the solution monotonicity. The fluxes in
Equation (10) are functions of the water depth and velocities
and are determined by the operator ψ.
MODEL APPLICATION
Experimental data
The developed model was tested using an experimental
study that investigated overland flow and associated pollu-
tant transport over the soil surface during rainstorms
(Deng et al. ). The experiment was carried out using
a rainfall simulator and a soil flume with a dimension of
3.0 m length × 0.3 m width × 0.12 m height. Before running
the experiments with a constant rainfall rate, the soil was
wet to field capacity and 0.2 kg of granular salt with a
mean diameter of 0.4 mm was applied uniformly onto
the soil surface. The saturated water content is 39%, and
the initial water content is 20%. During the experiments,
surface runoff with pollutant was collected at the end of
the flume, and then discharge, salt concentration, and pol-
lutant transport rate were measured. The experimental
conditions can be found in Table 1. The characteristics
of soil and rainfall simulator are given in de Lima et al.
() and details of the experiment can be obtained
from Deng et al. ().
To simulate the experiment, the developed model
employed a mesh size of 22 × 22. The parameters used in
the simulation, which were calibrated by Deng et al.
(), are listed in Table 2. Figures 3 and 4 show that the
numerical model predicts measured flow and pollutant
rates satisfactorily with less than 5% error.
Numerical tests
To investigate the effects of spatially varying microtopo-
graphic surface, roughness, and infiltration rate on
Table 2 | Parameters used in the simulations
Roughness E μ c0
n (1/s) (1/s) (g/s)
0.025 0.04 0.022 3.68
Figure 3 | Comparison between measured and simulated hydrographs.
Table 1 | Experimental conditions
Flume
slope ()
Rainfall intensity
(mm/h)
Rainfall excess
(mm/h)
Infiltration capacity
(mm/h)
Rainfall duration
(min)
Flow discharge
(L/s)
Amount of
pollutant (g/m2)
Hydraulic
conductivity (m/s)
10% 263.2 215.6 47.6 17.3 0.055 222.2 5.7 × 105
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pollutant, a set of hypothetical data for spatially varying
microtopographic surface, roughness, and infiltration rate
were generated. The model simulated the overland flow
and pollutant transport over a soil plot with a dimension
of 3 m length × 3 m width, a constant slope of 10%, a
Manning’s roughness coefficient of 0.025, and a constant
infiltration rate of 47.6 mm/h as a base case.
The hypothetical spatially varying microtopographic
surface was generated over the 3 m × 3 m plot according
to the random distribution function with a mean of 0.12
and a standard deviation of 0.03 (Figure 5). The range of
the generated slope data was 0.04–0.16. The hypothetical
spatially varying surface roughness was generated over
the same plot according to the random distribution func-
tion with a mean of 0.025 and a standard deviation of
0.009 (Figure 6). The range of the generated data was
0.010–0.042, corresponding to bare sand (n: 0.010 to
0.016), gravel surface (n: 0.012 to 0.030), bare clay-loam
soil (n: 0.012 to 0.033), and soil with grass (n: 0.03 to
0.05), which is physically sound. The hypothetical
spatially varying infiltration rate was generated over the
plot according to the random distribution function
with a mean of 44 mm/h and a standard deviation of
20 mm/h (Figure 7). The range of the generated data
was 5–90 mm/h, corresponding to loam (I: 3.4 mm/h),
silt loam (I: 6.5 mm/h), sandy loam (I: 11 mm/h), loamy
sand (I: 30 mm/h), and fine sand (I: 100 mm/h), which
is physically sound. One may generate many different
random fields of microtopographic surface, surface rough-
ness, and infiltration rate with the same mean and
standard deviation. However, to have an insight into the
effects of employing varying parameters, as opposed to
constant average values, on the pollutant concentration
profile, employing a single realization may be sufficient
(Tayfur & Singh ), as is done in this study.
Figure 8 shows velocity, streamline, and depth while
Figure 9 presents pollutant rate distribution under the
spatially varying microtopographic surface, at a simulation
time equal to 130 s when runoff reaches equilibrium.
As seen in Figure 9, pollutant transport rates have a
Figure 4 | Comparison between measured and simulated solute transport rates.
Figure 6 | Spatial distribution of surface roughness.
Figure 5 | Spatial distribution of microtopographic surface.
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non-smooth profile, clearly reflecting the impact of the
spatially varying slopes which influence the flow depth, vel-
ocity, and flow path, as shown in Figure 8. Figure 10
presents transport rates using three sets of variable slopes,
different spatially but with the same mean and standard
deviation and constant slopes. As can be seen, the variable
slopes with different spatial values do not significantly influ-
ence the results when they have the same mean and
standard deviation. The employment of average constant
slopes overestimated the pollutant rate by about 10%.
Figures 11 and 12 show water depth and pollutant rate
under the spatially varying surface roughness, at the simu-
lation time of 130 s. The variable roughness has less
impact on pollutant transport than varying slopes. The
rates in the upstream are generally lower than those in the downstream (Figure 12). Figure 13 compares the pollutant
transport rates and concentrations under constant and
three different variable surface roughnesses. As is seen, an
insignificant influence is observed on pollutant rate under
global roughness and varying roughness cases.
Figures 14 and 15 show water depth and pollutant rate
under the spatially varying infiltration rate, at the simulation
time of 130 s. Similar to the variable roughness case, the
variable infiltration rate has less impact on transport rate
profiles (Figure 15). Figure 16 compares pollutant transport
rates under constant and three variable infiltration rates,
different in spatial but with the same mean and standard
deviation. As seen, replacing varying infiltration rates with
Figure 10 | Comparison of pollutant transport rate under constant (12%) and variable
surface slope (mean is 0.12 and standard deviation is 0.03).
Figure 7 | Spatial distribution of infiltration rate.
Figure 8 | Water depth, velocity, and streamline under the spatially varying micro-
topographic surface.
Figure 9 | Pollutant rate under the spatially varying microtopographic surface.
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Figure 13 | Comparison of pollutant transport rate under constant (0.025) and variable
surface roughness (mean is 0.025 and standard deviation is 0.009).
Figure 12 | Pollutant rate under the spatially varying surface roughness.
Figure 11 | Water depth under the spatially varying surface roughness.
Figure 15 | Pollutant rate under the spatially varying infiltration rate.
Figure 14 | Water depth under the spatially varying infiltration rate.
Figure 16 | Comparison of solute transport rate under constant (44 mm/h) and variable
infiltration rate (mean is 44 mm/h and standard deviation is 20 mm/h).
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the average infiltration rate does not influence the transport
rate at the catchment outlet.
CONCLUSIONS
A two-dimensional model was developed for simulating pollu-
tant transport in catchment sheet flow. The developed model
was successfully tested against laboratory data. The effects of
non-uniform characteristics of small size plot (3 m× 3 m) on
pollutant transport during rainstorms were numerically investi-
gated by the model.
The effect of varying slopes on the flow dynamics, and
pollutant rates are very significant. Pollutant loads could
be overestimated by about 10% if an actual spatially varying
microtopography is replaced by constant average slopes.
The effect of varying roughness and infiltration on pollutant
transport rate at the catchment outlet is relatively negligible.
Hence, the use of constant average roughness and infiltra-
tion can be justified.
The numerical tests in this study were carried out over a
3 m × 3 m small-sized plot. The results give an insight into
understanding the transport process over surfaces having
non-uniform characteristics. However, for realistic results,
the developed model needs to be applied at a catchment
scale with actual physical characteristics. The model has
to be tested with field data.
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